The present work is devoted to the following problem: how to extend "in a canonical way" an arbitrary semistar operation of D to the polynomial ring D [X] . The first attempts to extend a semistar operation of D to a semistar operation of D[X] were done by G. Picozza [15] and then by the first two authors of this paper [1, 2] . Their study is focused on the stable semistar operations of finite type. In this paper, we provide a complete solution to this problem in the most general setting. As an application, we show that, in the particular cases of stable semistar operations of finite type or semistar operations defined by families of overrings, we reobtain the main results given in [1] and [2] . Finally, we investigate the behavior of the polynomial extensions of some operations among the most important and classical ones such as the d D , v D , t D , w D and b D operations.
To be more precise, in Section 2, we show that there always exists the maximum in the set of all strict extensions to the polynomial ring D[X] of a given semistar operation ⋆ on D. Let ⋆ denote this semistar operation of D [X] . After giving an explicit description of ⋆ , we show that such a semistar operation is never of finite type and we investigate the properties of ⋆ f and ⋆ ; in particular, (
the largest finite-type strict extension of ⋆ f and ⋆ = ⋆ is the largest stable finitetype strict extension of⋆. As an application, we consider some of the classical operations and we prove that (
. Moreover, for the trivial operations, we have
dD ) f if and only if D is a field. After having observed that each semistar operation ⋆ of D admits infinitely many strict extensions to D[X] and, among them, the largest one is ⋆ , in Section 3 we show the existence of the smallest strict extension to D [X] . Unlike the largest strict extension, the smallest strict extension, denoted by ⋆ , is not in general described in an explicit form. However, in case of stable semistar operations of finite type, we prove that
In the last section, we generalize some results concerning the polynomial extensions of a stable finite-type semistar operation to the polynomial extensions of a semistar operation defined by a given family of overrings of D. As an application of the main result of the section, we obtain
bD ) a if and only if D is a field.
Polynomial Strict Extensions of General Semistar Operations
The goal of the present section is to define in a canonical way an extension to the polynomial ring D[X] of a given semistar operation ⋆ of D. (
Thus we obtain the equality
is not a strict extension of v D and hence
. (2) is an easy consequence of Corollary 2.4(1) and Proposition 2.5. is not a TV-domain (see [3] ), then by (a),
) (and tD ) may not be of finite type.
(c) Note that
; on the other hand,
According to Theorem 2.1, any semistar operation ⋆ of D admits a strict extension (in fact, the largest strict extension) to D[X]. In the following, we show that, in fact, there exist infinitely many strict extensions to D[X] of ⋆. 
Case 2. D/P is finite.
Since D/P is a finite field, for each n ≥ 1, there exists a monic irreducible polyno- Let n < m. Then A * n
. Thus * n = * m .
Relationship among strict extensions
In Section 2, we have shown that each semistar operation of D admits the largest strict extension to D[X], by defining its precise form. The next proposition provides the existence of the smallest strict extension. Unlike the largest strict extension, the smallest strict extension is not described in an explicit form in general. However, for a stable semistar operation of finite type, we are able to provide a complete description of its smallest strict extension. Now we consider a semistar operation given by an arbitrary family of overrings. Let T := {T λ | λ ∈ Λ} be a set of overrings of D, and let
Proposition 4.2. With the notation recalled above, we have
Proof. We easily deduce from the definitions that, for each E ∈ F (D),
and hence T [X] is a strict extension of ∧ T . By the minimality of ∧T and the maximality of ∧T , we immediately obtain that For a given semistar operation ⋆, we investigate the relationship among the following semistar operations:
where V(⋆) is the family of all ⋆-valuation overrings of D. Recall that, when
. Then, from Proposition 4.2, we immediately deduce that:
For tackling the general question, we need the following lemma. Proof. We start by proving some results of independent interest. Claim 1. If H is a nonzero finitely generated integral ideal of
The inclusion (⊆) is obvious. The opposite inclusion (⊇) follows from the observation that for an arbitrary choice of
and so
From Claim 2, it easily follows that for each
. Since the opposite inclusion is obvious, the proof is completed. 
Proof. By Lemma 4.5, we have ⋆a ≤ ( ⋆ ) a , and since ⋆a is of finite type, ⋆a ≤ ( ⋆a ) a . Also, from the first inequality, we have (
Similarly, ( ⋆ ) a ⋆a and ( ⋆a ) a ⋆a , where the strict inequalities follow from Proposition 2.5. Moreover, from the first inequality, we also have ( 
Indeed, let α be a nonzero nonunit element of D and let A := (α, X)D [X] . Since A is a finitely generated integral ideal of 
⋆a ) a and hence the equality holds. However, we do not know whether it is possible in general that ( ⋆a ) a ( ⋆ ) a . This problem is related with the inequality 
Moreover 
